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SOME REMARKS ON ORTHOGONALITY OF BOUNDED
LINEAR OPERATORS
ANUBHAB RAY, DEBMALYA SAIN, SUBHRAJIT DEY AND KALLOL PAUL
Abstract. We explore the relation between the orthogonality of bounded
linear operators in the space of operators and that of elements in the ground
space. To be precise, we study if T,A ∈ L(X,Y) satisfy T⊥BA, then whether
there exists x ∈ X such that Tx⊥BAx with ‖x‖ = 1, ‖Tx‖ = ‖T‖, where X,Y
are normed linear spaces. In this context, we introduce the notion of Property
Pn for a Banach space and illustrate its connection with orthogonality of a
bounded linear operator between Banach spaces. We further study Property
Pn for various polyhedral Banach spaces.
1. Introduction
The purpose of the present article is to continue the study of orthogonality prop-
erties of bounded linear operators between Banach spaces, in light of the seminal
result obtained by Bhatia and Sˇemrl [1] regarding orthogonality of linear operators
on Euclidean spaces. Let us first establish the relevant notations and the termi-
nologies in this context.
Letters X and Y denote Banach spaces. Throughout the article, we work only
with real Banach spaces. Let BX = {x ∈ X : ‖x‖ ≤ 1} and SX = {x ∈ X : ‖x‖ = 1}
denote the unit ball and the unit sphere of X respectively. Let EX denotes the
set of all extreme points of BX. For a set S ⊂ X, |S| denotes the cardinality of S.
Let L(X,Y) denote the Banach space of all bounded linear operators from X to Y,
endowed with the usual operator norm. We write L(X,Y) = L(X), if X = Y. For a
bounded linear operator T ∈ L(X,Y), let MT denote the norm attainment set of T,
i.e., MT = {x ∈ SX : ‖Tx‖ = ‖T‖}. The notion of Birkhoff-James orthogonality in
a Banach space is well-known and is used extensively in the study of the geometry
of Banach spaces. For x, y ∈ X, x is said to be orthogonal to y in the sense of
Birkhoff-James [2], written as x⊥By, if ‖x + λy‖ ≥ ‖x‖ for all λ ∈ R. Similarly,
for T,A ∈ L(X,Y), T is said to be Birkhoff-James orthogonal to A, written as
T⊥BA, if ‖T + λA‖ ≥ ‖T‖ for all λ ∈ R. For the n-dimensional Euclidean space
En, Bhatia and Sˇemrl [1] proved that for T,A ∈ L(En), T⊥BA if and only if there
exists x ∈ SEn such that ‖Tx‖ = ‖T‖ and Tx⊥BAx. We refer the readers to [4, 5]
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for another approach in this context. In recent times, various generalizations of
this remarkable theorem has been obtained [6, 7] in the setting of Banach spaces.
We note that the sufficient part of the above theorem is true whenever the domain
space and the co-domain space are normed linear spaces of any dimensions, and not
just Euclidean spaces. On the other hand, the necessary part of the said theorem
is not true in general Banach spaces, even in the finite-dimensional case [3, 7, 9]. In
view of this, the authors [9] defined the Bhatia-Sˇemrl (BSˇ) Property of a bounded
linear operator T ∈ L(X). It is possible to extend the definition of the BSˇ Property
in a broader context, by not imposing the restriction that the domain space and
the co-domain space must be identical. Therefore, let us first make note of the
following definition of the BSˇ Property in its full generality.
Definition 1.1. Let X,Y be Banach spaces and let T ∈ L(X,Y). We say that T
satisfies the Bhatia-Sˇemrl (BSˇ) Property if for any A ∈ L(X,Y), T⊥BA implies
that there exists x ∈MT such that Tx⊥BAx.
Our aim is to study the BSˇ Property of bounded linear operators between Banach
spaces, especially when the domain space and the co-domain space are polyhedral.
X is said to be a polyhedral Banach space if BX has only finitely many extreme
points. Equivalently, X is a polyhedral Banach space if BX is a polyhedron. In this
context, let us mention the following formal definitions:
Definition 1.2. A polyhedron P is a non-empty compact subset of X which is the
intersection of finitely many closed half-spaces of X, i.e., P =
⋂r
i=1Mi, where Mi
are closed half-spaces in X and r ∈ N. The dimension of the polyhedron P , written
as dimP, is defined as the dimension of the subspace generated by the differences
v − w of vectors v, w ∈ P.
Definition 1.3. A polyhedron Q is said to be a face of the polyhedron P if either
Q = P or if we can write Q = P ∩ δM, where M is a closed half-space in X
containing P and δM denotes the boundary of M. If dimQ = i, then Q is called
an i-face of P. (n− 1)-faces of P are called facets of P and 1-faces of P are called
edges of P.
Definition 1.4. [8] Let X be a finite-dimensional polyhedral Banach space. Let F
be a facet of the unit ball BX of X. A functional f ∈ SX∗ is said to be a supporting
functional corresponding to the facet F of the unit ball BX if the following two
conditions are satisfied:
(1) f attains norm at some point v of F,
(2) F = (v + ker f) ∩ SX.
We also make use of the concept of normal cones in a Banach space in our study.
Definition 1.5. A subset K of X is said to be a normal cone in X if
(i) K +K ⊂ K, (ii) αK ⊂ K for all α ≥ 0, and (iii) K ∩ (−K) = {θ}.
Normal cones are important in the study of the geometry of Banach spaces,
because there is a natural partial ordering ≥ associated with a normal cone K.
Namely, for any two elements x, y ∈ X, x ≥ y if x−y ∈ K. It is easy to observe that
in a two-dimensional Banach space X, any normal cone K is completely determined
by the intersection of K with the unit sphere SX. Keeping this in mind, when we
say that K is a normal cone in X, determined by v1, v2, what we really mean is
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that K ∩SX =
{
(1−t)v1+tv2
‖(1−t)v1+tv2‖ : t ∈ [0, 1]
}
. Of course, in this case K = {αv1 + βv2 :
α, β ≥ 0}.
A complete characterization of linear operators on a two-dimensional real Banach
space satisfying the BSˇ Property has been obtained in [9] by proving the following
theorem:
Theorem 1.1. A linear operator T on a two-dimensional real Banach space X
satisfies the BSˇ Property if and only if the set of unit vectors on which T attains
norm is connected in the corresponding projective space RP 1 = SX/{x ∼ −x}.
Equivalently, we can say in the two-dimensional case that T ∈ L(X) satisfies the
BSˇ Property if and only if MT = D ∪ (−D), where D is a closed connected subset
of SX. In this context, we refer the readers to the following conjecture [9], which is
yet to be proved or disproved, when the dimension of the space is greater than two.
Conjecture 1.2. A linear operator T on an n-dimensional real Banach space X
satisfies the BSˇ Property if and only if the set of unit vectors on which T attains
norm is connected in the corresponding projective space RPn−1 = SX/{x ∼ −x}.
However, the sufficient part of the conjecture was proved in [7]. Indeed, if X is a
finite-dimensional real Banach space and T ∈ L(X) is such that MT = D ∪ (−D),
where D is a closed connected subset of SX, then T satisfies the BSˇ Property. We are
interested in exploring the converse to the above result. To be precise, if dimX > 2
and MT 6= D ∪ (−D), where D is a closed connected subset of SX, then whether
T ∈ L(X,Y) satisfies the BSˇ Property, where Y is any Banach space. With this
motivation in mind, we introduce the following definition for a Banach space X,
which plays a significant role in our study.
Definition 1.6. Let X be a Banach space. Given n ∈ N, we say that X has
Property Pn if for every choice of n vectors x1, x2, . . . , xn ∈ SX,
n⋃
i=1
x⊥i $ X.
It is clear from the above definition that if X has Property Pn then X has Property
Pm for all m ∈ N, with m ≤ n. We illustrate the connection between Property Pn
for a Banach space and bounded linear operators not satisfying the BSˇ Property.
We further explore Property Pn for different polyhedral Banach spaces.
2. Main Results
We begin this section with the observation that Theorem 2.3 of [9] holds true even
if the co-domain space is any Banach space with dimension at least two. Indeed, the
said theorem can be stated in the following more general form, by using essentially
the same arguments presented in the proof of the original result.
Theorem 2.1. Let X be a two-dimensional Banach space and let Y be a Banach
space of dimension greater than or equal to two. Let T ∈ L(X,Y) be such that MT
has more than two components. Then T does not satisfy the BSˇ Property.
As a corollary to Theorem 2.1, we can provide an elementary condition on MT
so that T does not satisfy the BSˇ Property, when X is a two-dimensional Banach
space.
Corollary 2.1.1. Let X be a two-dimensional Banach space and let Y be a Banach
space of dimension greater than or equal to two. Let T ∈ L(X,Y) be such that there
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exist x, y ∈ MT with x 6= ±y and x+y‖x+y‖ , x−y‖x−y‖ /∈ MT . Then T does not satisfy the
BSˇ Property.
Proof. We claim that MT has more than two components. Let u1 =
x+y
‖x+y‖ and
u2 =
x−y
‖x−y‖ . Consider the following subsets of SX :
S1 =
{
(1− t)u1 + tu2
‖(1− t)u1 + tu2‖ : t ∈ (0, 1)
}
,
S2 =
{
(1− t)u1 + t(−u2)
‖(1− t)u1 − tu2‖ : t ∈ (0, 1)
}
,
S3 = −S1 and S4 = −S2.
Then clearly Si, i = 1, 2, 3, 4, are connected subsets of SX and by the construction
of Si we have, x ∈ S1, y ∈ S2, −x ∈ S3 and −y ∈ S4. Also, Si ∩ Sj = φ for
all i, j ∈ {1, 2, 3, 4} with i 6= j. As SX \ {± x+y‖x+y‖ ,± x−y‖x−y‖} =
4⋃
i=1
Si, MT ⊆
4⋃
i=1
Si.
Also for each disjoint connected set Si, Si ∩MT 6= φ. Therefore, MT must have
more than two components. Hence using Theorem 2.1, we conclude that T does
not satisfy the BSˇ Property. 
The following example illustrates the applicability of Theorem 2.1 in studying
the BSˇ Property of a bounded linear operator between Banach spaces.
Example 2.1.1. Consider a bounded linear operator T : `21 → `3∞, defined by
T (x, y) = (x, y, x+y2 ) for all (x, y) ∈ `21. Then it is easy to see that ‖T‖ = 1 and
MT = {±(1, 0),±(0, 1)}. Therefore by using Theorem 2.1, we conclude that T does
not satisfy the BSˇ Property.
If X is a two-dimensional Banach space, then from Theorem 2.1 of [7] and The-
orem 2.3 of [9], it follows that T ∈ L(X) satisfies the BSˇ Property if and only if
MT = D ∪ (−D), where D is a connected subset of SX. If dimX ≥ 3 and MT
has more than two components then it is not known whether T will satisfy the
BSˇ Property. Our next result gives some insight in that direction, under certain
assumptions on the co-domain space Y and the norm attainment set MT , for a
bounded linear operator T ∈ L(X,Y).
Theorem 2.2. Let X be an n-dimensional Banach space, where n ≥ 3 and let Y
be any Banach space. Let T ∈ L(X,Y), with |MT | ≥ 4, be such that the following
conditions are satisfied:
(a) There exists a basis {x1, x2, x3, . . . , xn} of X such that x1, x2 ∈MT .
(b) There exist scalars α3, α4, . . . , αn and β3, β4, . . . , βn such that for each w =
c1wx1 + c2wx2 + . . .+ cnwxn ∈MT , we have,
c1w + c2w + α3c3w + . . .+ αncnw 6= 0 and c1w − c2w + β3c3w + . . .+ βncnw 6= 0.
Then at least one of the following is true:
(i)
⋃
x∈MT
(Tx)⊥ = Y.
(ii) T does not satisfy the BSˇ Property.
Proof. Assuming (i) is not true, we show that T does not satisfy the BSˇ Property.
Under this assumption,
⋃
x∈MT
(Tx)⊥ $ Y. Let us take z ∈ Y \ ⋃
x∈MT
(Tx)⊥. We note
that it follows from Proposition 2.1 of [6] that for each i = 1, 2, either z ∈ (Txi)+
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or z ∈ (Txi)−.
Case I: Let z ∈ (Tx1)+ ∩ (Tx2)+ or z ∈ (Tx1)− ∩ (Tx2)−. Let us define
A : X→ Y by
Ax1 = z,Ax2 = −z and Axi = βiz for i = 3, 4, . . . , n.
If z ∈ (Tx1)+ ∩ (Tx2)+, then Ax1 ∈ (Tx1)+ and Ax2 ∈ (Tx2)−. On the other
hand, if z ∈ (Tx1)− ∩ (Tx2)−, then Ax1 ∈ (Tx1)− and Ax2 ∈ (Tx2)+. There-
fore, using Theorem 2.2 of [6], we have T⊥BA, in both the cases. We claim that
Tu 6⊥B Au for any u ∈ MT . Let u = c1ux1 + c2ux2 + . . . + cnuxn ∈ MT . Then,
Au = (c1u− c2u + c3uβ3 + . . .+ cnuβn)z = γz, (say). As γ 6= 0 and Tu 6⊥B z, so we
conclude that Tu 6⊥B Au. Thus T does not satisfy the BSˇ Property.
Case II: Let z ∈ (Tx1)+ ∩ (Tx2)− or z ∈ (Tx1)− ∩ (Tx2)+. Let us define
A : X→ Y by Ax1 = z, Ax2 = z and Axi = αiz for i = 3, 4, . . . , n. Proceeding in a
similar manner, we can conclude that T⊥BA but there exists no u ∈MT such that
Tu⊥BAu. Therefore T does not satisfy the BSˇ Property. This completes the proof
of the theorem. 
The above theorem indirectly hints at the importance of the notion of Property
Pn for a Banach space in the study of the BSˇ Property of a bounded linear operator.
We state this formally in the following corollary.
Corollary 2.2.1. Let X be an n-dimensional Banach space, where n ≥ 3 and let Y
be a Banach space such that Y has Property Pm, for some m ∈ N. Let T ∈ L(X,Y)
be such that the following conditions are satisfied:
(a) |MT | ≥ 4 and |T (MT )| ≤ 2m,
(b) There exists a basis {x1, x2, x3, . . . , xn} of X such that x1, x2 ∈MT ,
(c) There exist scalars α3, α4, . . . , αn and β3, β4, . . . , βn such that for each w =
c1wx1 + c2wx2 + . . .+ cnwxn ∈MT , we have that
c1w + c2w + α3c3w + . . .+ αncnw 6= 0 and c1w − c2w + β3c3w + . . .+ βncnw 6= 0.
Then T does not satisfy the BSˇ Property.
Proof. As T (MT ) contains at most 2m elements which are pairwise scalar multi-
ples of one another and the co-domain space Y has Property Pm, we must have⋃
x∈MT
(Tx)⊥ $ Y. Then from Theorem 2.2, we conclude that T does not satisfy the
BSˇ Property. 
We now give an example to illustrate the applicability of the Corollary 2.2.1 in
studying the BSˇ Property of a bounded linear operator between Banach spaces.
Here we would like to mention that every smooth Banach space of dimension at
least 2, has Property Pn, for each n ∈ N.
Example 2.2.1. Consider a bounded linear operator T : `3∞ → `32, defined by Tx =
x√
3
for all x ∈ `3∞. Then it is easy to see that ‖T‖ = 1, MT = {±(1, 1, 1),±(−1, 1, 1),
±(−1,−1, 1),±(1,−1, 1)} and T (MT ) = {±( 1√3 , 1√3 , 1√3 ),±(−1√3 , 1√3 , 1√3 ),
±(−1√
3
, −1√
3
, 1√
3
),±( 1√
3
, −1√
3
, 1√
3
)}. Consider x1 = (1, 1, 1), x2 = (−1, 1, 1), x3 =
(−1,−1, 1) and x4 = (1,−1, 1). Clearly {x1, x2, x3} forms a basis of `3∞. If we choose
α = β = 1, then condition (c) of Corollary 2.2.1 is satisfied. Also, `32 has Property
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Pn, for any n ∈ N, as `32 is a smooth space. Therefore, by using Corollary 2.2.1, we
conclude that T does not satisfy the BSˇ Property.
It is worth mentioning that Theorem 2.2 of [9] holds true when the domain space
is any finite-dimensional Banach space and the co-domain space is any smooth
Banach space of dimension at least two. Indeed, the said theorem can be stated
in the following more general form, by using the same arguments presented in the
proof of the original result.
Theorem 2.3. Let X be a finite-dimensional Banach space and Y be a smooth
Banach space of dimension greater than or equal to two. Let T ∈ L(X,Y) be such
that MT is a countable set with more than two points. Then T does not satisfy the
BSˇ Property.
In the remaining part of this article, we focus on Property Pn for polyhedral
Banach spaces. Our first observation reveals that given any polyhedral Banach
space X, there exists a natural number n0 such that X does not have Property Pn,
for any n ≥ n0.
Theorem 2.4. Let X be a finite-dimensional polyhedral Banach space such that
BX has exactly 2n extreme points. Then X does not have Property Pn.
Proof. Let us denote the extreme points of BX by ±u1,±u2, . . . ,±un. We claim
that
n⋃
i=1
u⊥i = X. Let y ∈ X be arbitrary. Given z ∈ X there exists a scalar a ∈ R
such that ay + z⊥By, by Theorem 2.3 of [2]. Take x = ay+z‖ay+z‖ , then x⊥By. If
x is an extreme point of BX, then we have nothing more to show. Now, suppose
that x is not an extreme point of BX. As x⊥By, by using Theorem 2.1 of [2], there
exists a linear functional f ∈ SX∗ such that f(x) = ‖x‖ = 1 and f(y) = 0. Since
f attains norm, it is easy to see that there exists an extreme point ui of BX such
that |f(ui)| = ‖f‖ = 1. Therefore, by Theorem 2.1 of [2], we have ui⊥By. Thus
n⋃
i=1
u⊥i = X. This completes the proof of the theorem. 
Our next theorem shows that we have a definitive answer for two-dimensional
polyhedral Banach spaces, regarding Property Pn. To prove the theorem, we need
the following lemma:
Lemma 2.1. Let X be a two-dimensional polyhedral Banach space. Then for any
x ∈ EX, there exists a normal cone K of X such that x⊥ = K ∪ (−K). In addition,
if the normal cone K is determined by v1, v2 ∈ SX, then {(1 − t)v1 + tv2 : t ∈
(0, 1)} ∩ y⊥ = φ for each y ∈ EX \ {±x}.
Proof. Let g ∈ SX∗ and g(x) = ‖x‖ = 1, i.e., g is a supporting functional of BX at
x. Let f1 and f2 be the two supporting functionals corresponding to the two edges
of SX meeting at x. Now, x+ ker g is a supporting line to BX at x, that lies entirely
within the cone formed by the straight lines x+ ker f1 and x+ ker f2. For i = 1, 2,
let
f+i = {z ∈ X : fi(z) ≥ 0} and f−i = {z ∈ X : fi(z) ≤ 0}.
We note that each f+i (f
−
i ) is a closed half-space in X. Let u ∈ ker g be arbitrary.
The situation is illustrated in Figure 1. It follows immediately that either of the
following must be true:
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Figure 1.
(i) u ∈ f+1 and u ∈ f−2 , (ii) u ∈ f−1 and u ∈ f+2 .
Taking K = f+1 ∩ f−2 , it is easy to see that −K = f−1 ∩ f+2 . Thus for any u ∈ X,
with x⊥Bu, we have u ∈ K ∪ (−K). Therefore, x⊥ = {w ∈ X : x ⊥B w} =
K ∪ (−K). This completes the proof of the first part of the lemma.
Next, suppose K is determined by v1, v2 ∈ SX. From the construction of K it is clear
that v1 ∈ ker f1 ∩SX and v2 ∈ ker f2 ∩SX. Let V = {(1− t)v1 + tv2 : t ∈ (0, 1)}. We
show that V ∩y⊥ = φ, for each y ∈ EX \{±x}. If possible, suppose that V ∩y⊥ 6= φ,
for some y ∈ EX \{±x}. Then there exists v = (1− t)v1+ tv2 ∈ V such that v ∈ y⊥.
Since x ⊥B v, there exists f ∈ SX∗ such that f(x) = ‖x‖ = 1 and f(v) = 0. On
the other hand, since y ⊥B v, there exists h ∈ SX∗ such that h(y) = ‖y‖ = 1 and
h(v) = 0. Since X is two-dimensional, it is easy to deduce that f = ±h. Therefore,
either x, y are adjacent vertices and f = h is an extreme supporting functional
corresponding to the facet L[x, y] = {(1 − t)x + ty : t ∈ [0, 1]}, or, x,−y are
adjacent vertices and f = −h is an extreme supporting functional corresponding to
the facet L[x,−y] = {(1− t)x+ t(−y) : t ∈ [0, 1]}. As f1 and f2 are two supporting
functionals corresponding to the two edges of SX meeting at x, f is equal to either
f1 or f2. Therefore, v is equal to either v1 or v2, which is a contradiction to our
assumption that v ∈ V. This completes the proof of the lemma. 
We now prove the desired theorem.
Theorem 2.5. Let X be a two-dimensional polyhedral Banach space such that BX
has exactly 2n extreme points for some n ∈ N. Then X has Property Pn−1.
Proof. If x ∈ SX is a non-extreme point of BX, then there exist x1, x2 ∈ SX such
that x = (1− t)x1 + tx2 for some t ∈ (0, 1) and x1, x2 are extreme points of BX. It
is easy to observe that x⊥ $ x⊥1 and x⊥ $ x⊥2 . Therefore, without loss of generality
we may consider any (n− 1) extreme points of BX, instead of any (n− 1) points in
SX, to prove that X has Property Pn−1.
Let EX = {±x1,±x2, . . . ,±xn}. Then from Lemma 2.1, for each i ∈ {1, 2, . . . , n},
there exists normal cone Ki of X such that x⊥i = Ki∪ (−Ki). If the normal cone Ki
is determined by vi1, vi2 ∈ SX, then {(1− t)vi1+ tvi2 : t ∈ (0, 1)}∩
n⋃
j=1
j 6=i
x⊥j = φ. Since
xi is any extreme point of BX, we conclude that the union of the Birkhoff-James
orthogonality sets of any (n− 1) extreme points of BX must be a proper subset of
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X. However, this is clearly equivalent to the fact that X has Property Pn−1. This
establishes the theorem. 
As an application of Corollary 2.2.1, we next give an example of a bounded
linear operator T between a three-dimensional polyhedral Banach space X and a
two-dimensional polyhedral Banach space Y such that T does not satisfy the BSˇ
Property.
Example 2.5.1. Let X = `3∞ and let Y be a two-dimensional real polyhedral
Banach space such that SY is regular decagon with vertices (cos
jpi
5 , sin
jpi
5 ), j ∈{0, 1, 2, . . . , 9}. Consider the linear operator T : X→ Y, defined by
T (x, y, z) =
(x+ y
2
+
(y − x) cos 2pi5
2
,
(y − x) sin 2pi5
2
)
.
It is easy to check that ‖T‖ = 1, MT = {±(1, 1, z),±(−1, 1, z) : z ∈ [−1, 1]} and
T (MT ) = {±(1, 0),±(cos 2pi5 , sin 2pi5 )}. Consider x1 = (1, 1, 1), x2 = (−1, 1, 1) and
x3 = (−1,−1, 1). Clearly {x1, x2, x3} forms a basis of X. If we choose α = −10
and β = −32 , then condition (c) of Corollary 2.2.1 is satisfied. From Theorem 2.5,
we know that Y has Property P4. Therefore, by using Corollary 2.2.1, we conclude
that T does not satisfy the BSˇ Property.
For any two Banach spaces X,Y, it is easy to see that X × Y, equipped with
the norm ‖(x, y)‖ = max{‖x‖, ‖y‖} for all (x, y) ∈ X × Y, is a Banach space.
Let us denote this space by X ⊕∞ Y. Similarly, X × Y, equipped with the norm
‖(x, y)‖ = ‖x‖+ ‖y‖ for all (x, y) ∈ X× Y, is a Banach space which is denoted by
X⊕1Y. In the following theorems, we study Property Pn for Banach spaces X⊕∞Y
and X⊕1 Y, where X is a polyhedral Banach space.
Theorem 2.6. Let X be a polyhedral Banach space such that X does not have
Property Pn, for some n ∈ N. Then X ⊕∞ Y does not have Property Pn, for any
Banach space Y. Moreover, if Y is a polyhedral Banach space such that Y does not
have Property Pm, for some m ∈ N, then X⊕∞Y does not have Property Pr, where
r = min{m,n}.
Proof. As X does not have Property Pn, there exist x1, x2, . . . , xn ∈ SX such that
n⋃
i=1
x⊥i = X. Now we claim that
n⋃
i=1
(xi, 0)
⊥ = X⊕∞ Y.
Let us first show that x⊥i × Y ⊆ (xi, 0)⊥, for each i ∈ {1, 2, . . . , n}. Let (x, y) ∈
x⊥i × Y. Then for any scalar λ,
‖(xi, 0) + λ(x, y)‖ = ‖(xi + λx, λy)‖
= max{‖xi + λx‖, ‖λy‖}
≥ ‖xi + λx‖
≥ ‖xi‖ = ‖(xi, 0)‖,
as x ∈ x⊥i . Therefore, (x, y) ∈ (xi, 0)⊥. Hence x⊥i × Y ⊆ (xi, 0)⊥.
Therefore,
n⋃
i=1
(xi, 0)
⊥ ⊇
n⋃
i=1
(x⊥i × Y) = X⊕∞ Y. Hence
n⋃
i=1
(xi, 0)
⊥ = X⊕∞ Y.
Further if Y does not have Property Pm, then as before we can show that X⊕∞ Y
does not possess Property Pm. Thus X ⊕∞ Y does not have Property Pr, where
r = min{m,n}. This completes the proof of the theorem. 
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Corollary 2.6.1. Let X = `n∞, for any n (≥ 2) ∈ N. Then X does not have Property
P2.
Proof. From Theorem 2.4, it follows that `2∞ does not have Property P2. Also, we
know that `3∞ = `
2
∞ ⊕∞ R. Therefore, by using Theorem 2.6, we conclude that `3∞
does not have Property P2. Continuation of this argument proves that `
n
∞, for any
n (≥ 2) ∈ N does not have Property P2. 
Applying similar arguments, the proofs of the following results are now apparent:
Theorem 2.7. Let X be a polyhedral Banach space such that X does not have
Property Pn, for some n ∈ N. Then X ⊕1 Y does not have Property Pn, for any
Banach space Y. Moreover, if Y is a polyhedral Banach space such that Y does not
have Property Pm, for some m ∈ N, then X⊕1 Y does not have Property Pr, where
r = min{m,n}.
Corollary 2.7.1. Let X = `n1 , where n(≥ 2) ∈ N. Then X does not have Property
P2.
Let X be a three-dimensional polyhedral Banach space such that BX is a prism
with vertices (cos jpin , sin
jpi
n ,±1), j ∈ {0, 1, 2, . . . , 2n − 1}, n ≥ 2. Then it is trivial
to see that X = Y⊕∞R, where Y is a two-dimensional polyhedral Banach space so
that the extreme points of BY are given by (cos
jpi
n , sin
jpi
n ), j ∈ {0, 1, 2, . . . , 2n− 1},
n ≥ 2. Therefore, by using Theorem 2.4 and Theorem 2.6, we can conclude that X
does not have Property Pn. However, in the next theorem we show that X does not
have Property P2, for any n ≥ 2.
Theorem 2.8. Let X be a three-dimensional polyhedral Banach space such that BX
is a prism with vertices (cos jpin , sin
jpi
n ,±1), j ∈ {0, 1, 2, . . . , 2n − 1}, n ≥ 2. Then
X does not have Property P2.
Proof. Let the vertices of BX be v±(j+1), j ∈ {0, 1, 2, . . . , 2n− 1}, where v±(j+1) =
(cos jpin , sin
jpi
n ,±1). The unit sphere SX is shown in Figure 2.
A simple computation reveals the explicit expression for the norm function on X.
Given any (x, y, z) ∈ X, we have,
‖(x, y, z)‖ = max
0≤j≤2n−1
{
| cos (2j+1)pi2n ||x|
cos pi2n
+
| sin (2j+1)pi2n ||y|
cos pi2n
, |z|
}
.
We claim that v⊥1 ∪ v⊥n+1 = X. Let (x, y, z) ∈ X be such that x ≥ 0, z ≤ 0 and y is
arbitrary. Now, for any scalar λ ≥ 0,
‖(1, 0, 1) + λ(x, y, z)‖ = ‖(1 + λx, λy, 1 + λz)‖
= max
0≤j≤2n−1
{ | cos (2j+1)pi2n ||1 + λx|
cos pi2n
+
| sin (2j+1)pi2n ||λy|
cos pi2n
,
|1 + λz|
}
≥ |1 + λx|+ tan pi
2n
|λy|
≥ 1 = ‖(1, 0, 1)‖.
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Also, for any scalar λ ≤ 0,
‖(1, 0, 1) + λ(x, y, z)‖ = ‖(1 + λx, λy, 1 + λz)‖
= max
0≤j≤2n−1
{ | cos (2j+1)pi2n ||1 + λx|
cos pi2n
+
| sin (2j+1)pi2n ||λy|
cos pi2n
,
|1 + λz|
}
≥ |1 + λz|
≥ 1 = ‖(1, 0, 1)‖.
Therefore, (1, 0, 1)⊥B(x, y, z), for all x ≥ 0, z ≤ 0 and for any y. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (1, 0, 1)⊥B(x, y, z),
for all x ≤ 0, z ≥ 0 and for any y.
Let (x, y, z) ∈ X be such that x ≥ 0, z ≥ 0. Now for any λ ≥ 0,
‖(−1, 0, 1) + λ(x, y, z)‖ = ‖(−1 + λx, λy, 1 + λz)‖
= max
0≤j≤2n−1
{ | cos (2j+1)pi2n || − 1 + λx|
cos pi2n
+
| sin (2j+1)pi2n ||λy|
cos pi2n
,
|1 + λz|
}
≥ |1 + λz|
≥ 1 = ‖(−1, 0, 1)‖.
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Also, for any λ ≤ 0,
‖(−1, 0, 1) + λ(x, y, z)‖ = ‖(−1 + λx, λy, 1 + λz)‖
= max
0≤j≤2n−1
{ | cos (2j+1)pi2n || − 1 + λx|
cos pi2n
+
| sin (2j+1)pi2n ||λy|
cos pi2n
,
|1 + λz|
}
≥ | − 1 + λx|+ tan pi
2n
|λy|
≥ 1 = ‖(−1, 0, 1)‖.
Therefore, (−1, 0, 1)⊥B(x, y, z), for all x ≥ 0, z ≥ 0 and for any y. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (−1, 0, 1)⊥B(x, y, z),
for all x ≤ 0, z ≤ 0 and for any y.
Hence for any (x, y, z) ∈ X, either (x, y, z) ∈ v⊥1 or (x, y, z) ∈ v⊥n+1, i.e., v⊥1 ∪v⊥n+1 =
X. Therefore, X does not have Property P2. This completes the proof of the theo-
rem. 
Remark 2.1. Theorem 2.8 shows that the space X⊕∞ Y may not have Property
Pn even if one of space has Property Pn.
Our Previous results point to the fact that there is a large family of three-
dimensional polyhedral Banach spaces not having Property P2. The concerned
spaces have been constructed by taking `∞ sum of two-dimensional polyhedral
Banach spaces with R. In the next theorem, we give another such example of a
three-dimensional Polyhedral Banach space, not having Property P2, which cannot
be constructed by taking `∞ sum of lower dimensional Banach space.
Theorem 2.9. Let X be a three-dimensional polyhedral Banach space such that
BX is a polyhedron obtained by gluing two pyramids at the opposite base faces of
a right prism having square base, with vertices ±(1, 1, 1),±(−1, 1, 1),±(−1,−1, 1),
±(1,−1, 1),±(0, 0, 2). Then X does not have Property P2.
Proof. Let the vertices ofBX be v±j , j ∈ {1, 2, 3, 4} and w±1, where v±1 = (1, 1,±1),
v±2 = (−1, 1,±1), v±3 = (−1,−1,±1), v±4 = (1,−1,±1) and w±1 = (0, 0,±2).
The unit sphere SX is shown in Figure 3.
Given any (x, y, z) ∈ X, the expression for the norm function on X turns out to
be the following:
‖(x, y, z)‖ = max
{
|x|, |y|, |x|
2
+
|z|
2
,
|y|
2
+
|z|
2
}
.
We claim that, v⊥1 ∪ v⊥4 = X. Let (x, y, z) ∈ X be such that x ≥ 0, y ≥ 0. Now, for
any λ ≥ 0,
‖(1,−1, 1) + λ(x, y, z)‖ = ‖(1 + λx,−1 + λy, 1 + λz)‖
= max
{
|1 + λx|, | − 1 + λy|, |1 + λx|
2
+
|1 + λz|
2
,
| − 1 + λy|
2
+
|1 + λz|
2
}
≥ |1 + λx|
≥ 1 = ‖(1,−1, 1)‖.
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Also, for any λ ≤ 0,
‖(1,−1, 1) + λ(x, y, z)‖ = ‖(1 + λx,−1 + λy, 1 + λz)‖
= max
{
|1 + λx|, | − 1 + λy|, |1 + λx|
2
+
|1 + λz|
2
,
| − 1 + λy|
2
+
|1 + λz|
2
}
≥ | − 1 + λy|
≥ 1 = ‖(1,−1, 1)‖.
Therefore, (1,−1, 1)⊥B(x, y, z), for all x ≥ 0, y ≥ 0 and for any z. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (1,−1, 1)⊥B(x, y, z),
for all x ≤ 0, y ≤ 0 and for any z.
Let (x, y, z) ∈ X be such that x ≥ 0, y ≤ 0. For any λ ≥ 0,
‖(1, 1, 1) + λ(x, y, z)‖ = ‖(1 + λx, 1 + λy, 1 + λz)‖
= max
{
|1 + λx|, |1 + λy|, |1 + λx|
2
+
|1 + λz|
2
,
|1 + λy|
2
+
|1 + λz|
2
}
≥ |1 + λx|
≥ 1 = ‖(1, 1, 1)‖.
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Also, for any λ ≤ 0,
‖(1, 1, 1) + λ(x, y, z)‖ = ‖(1 + λx, 1 + λy, 1 + λz)‖
= max
{
|1 + λx|, |1 + λy|, |1 + λx|
2
+
|1 + λz|
2
,
|1 + λy|
2
+
|1 + λz|
2
}
≥ |1 + λy|
≥ 1 = ‖(1, 1, 1)‖.
Therefore, (1, 1, 1)⊥B(x, y, z), for all x ≥ 0, y ≤ 0 and for any z. From the homo-
geneity property of Birkhoff-James orthogonality, it follows that (1, 1, 1)⊥B(x, y, z),
for all x ≤ 0, y ≥ 0 and for any z.
Hence for any (x, y, z) ∈ X, either (x, y, z) ∈ v⊥1 or (x, y, z) ∈ v⊥4 , i.e., v⊥1 ∪ v⊥4 = X.
Therefore, X does not have Property P2. This completes the proof of the theo-
rem. 
We next give an example of a three-dimensional polyhedral Banach space which
has Property P2 but does not have Property P3.
Theorem 2.10. Let X be a three-dimensional polyhedral Banach space such that BX
is a polyhedron with vertices (cos jpin , sin
jpi
n ,±1), (0, 0,±2), j ∈ {0, 1, 2, . . . , 2n− 1},
n ≥ 3. Then X has Property P2 but X does not have Property P3.
Proof. We prove the theorem by assuming that n is an odd integer. Similar
calculations hold true, when n is an even integer. Let the vertices of BX be
v±(j+1), j ∈ {0, 1, 2, . . . , 2n− 1} and w±1, where v±(j+1) = (cos jpin , sin jpin ,±1) and
w±1 = (0, 0,±2). The unit sphere SX is shown in Figure 4. LetGj+1 denote the facet
of BX containing vj+1, v−j−1, vj+2, v−j−2, where v2n+1 = v1 and v−2n−1 = v−1.
Let F±(j+1) denote the facet of BX containing v±(j+1), v±(j+2), w±1. For each
j ∈ {0, 1, 2, . . . , 2n− 1}, let gj+1, f±(j+1) be the supporting functionals correspond-
ing to the facets Gj+1, F±(j+1) respectively, i.e., (vj+1 + ker gj+1)∩SX = Gj+1 and
(v±(j+1) + ker f±(j+1)) ∩ SX = F±(j+1).
For every vj+1 ∈ SX, j = 0, 1, 2, . . . , 2n−1, there are four adjacent facets Gj , Gj+1,
Fj , Fj+1. Here we assume that G0 = G2n and F0 = F2n. Therefore by Lemma 2.1
of [8], extreme supporting functionals corresponding to the vertices vj+1,
j = 0, 1, 2, . . . , 2n− 1, are gj , gj+1, fj , fj+1. Here also we assume that g0 = g2n and
f0 = f2n. Now consider the following subsets of SX∗ :
Hj+1 =
{
h ∈ SX∗ : h = λ1gj + λ2gj+1 + λ3fj + λ4fj+1, λk ≥ 0 ∀ k ∈ {1, 2, 3, 4}
and
4∑
k=1
λk = 1
}
, for each j = 0, 1, 2, . . . , 2n − 1. Then by using Theorem 2.1
of [2] and Lemma 2.1 of [8], we conclude that v⊥j+1 =
⋃
h∈Hj+1
kerh, for each j =
0, 1, 2, . . . , 2n−1.Again, for w1, there are 2n adjacent facets Fj+1, j = 0, 1, 2, . . . , 2n−
1. Therefore, as before, extreme supporting functionals corresponding to the vertex
w1 are fj+1, j = 0, 1, 2, . . . , 2n− 1. Now, consider the following subset of SX∗ .
H =
{
h ∈ SX∗ : h =
2n−1∑
k=0
λk+1fk+1, λk+1 ≥ 0 ∀ k ∈ {0, 1, 2, . . . , 2n− 1}
and
2n−1∑
k=0
λk+1 = 1
}
. From this, we conclude that w⊥1 =
⋃
h∈H
kerh. Now, for any
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(x, y, z) ∈ X, we have,
‖(x, y, z)‖ = max
0≤j≤n−12
{
cos
(2j+1)pi
2n |x|
cos pi2n
+
sin
(2j+1)pi
2n |y|
cos pi2n
,
cos
(2j+1)pi
2n |x|
2 cos pi2n
+
sin
(2j+1)pi
2n |y|
2 cos pi2n
+ |z|2
}
.
Using the above expression of the norm function, we can compute the Birkhoff-
James orthogonality set of the extreme points of BX. For the extreme points of BX,
lying above the plane z = 0, we have,
v⊥1 = (1, 0, 1)
⊥ = ±
[
{(x, y, z) ∈ X : x ≥ 0, y ≥ 0, z ≥ 0, x− tan( pi2n )y ≤ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0, x2 +
tan( pi2n )y
2 +
z
2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0, x2 −
tan( pi2n )y
2 +
z
2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0, x+ tan( pi2n )y ≤ 0}
]
.
Now, for each j ∈ {1, 2, . . . , n−12 }, we have
v⊥(j+1) = (cos
jpi
n , sin
jpi
n , 1)
⊥ = ±
[
{(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0,
cos
(2j+1)pi
2n
2 cos pi2n
x+
sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
cos
(2j−1)pi
2n
cos pi2n
x+
sin
(2j−1)pi
2n
cos pi2n
y ≤ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0, cos
(2j+1)pi
2n
2 cos pi2n
x+
sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0, cos
(2j−1)pi
2n
2 cos pi2n
x+
sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0, cos
(2j−1)pi
2n
2 cos pi2n
x+
sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
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cos
(2j+1)pi
2n
cos pi2n
x+
sin
(2j+1)pi
2n
cos pi2n
y ≤ 0}
]
.
Again, for each j ∈ {1, 2, . . . , n−12 }, we have
v⊥
(j+n+12 )
= (− cos jpin , sin jpin , 1)⊥ = ±
[
{(x, y, z) ∈ X : x ≥ 0, y ≥ 0, z ≥ 0,
− cos
(2j+1)pi
2n
2 cos pi2n
x+
sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0,−
cos
(2j−1)pi
2n
cos pi2n
x+
sin
(2j−1)pi
2n
cos pi2n
y ≤ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0,− cos
(2j−1)pi
2n
2 cos pi2n
x+
sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
− cos
(2j+1)pi
2n
cos pi2n
x+
sin
(2j+1)pi
2n
cos pi2n
y ≤ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0,− cos
(2j+1)pi
2n
2 cos pi2n
x+
sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0,− cos
(2j−1)pi
2n
2 cos pi2n
x+
sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
]
.
Now, v⊥(n+1) = (−1, 0, 1)⊥ = ±
[
{(x, y, z) ∈ X : x ≥ 0, y ≥ 0, z ≥ 0,
−x2 +
tan( pi2n )y
2 +
z
2 ≥ 0}∪ {(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0,−x− tan( pi2n )y ≤ 0}∪ {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0,−x+ tan( pi2n )y ≤ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0,−x2 −
tan( pi2n )y
2 +
z
2 ≥ 0}
]
.
Again, for each j ∈ {1, 2, . . . , n−12 }, we have
v⊥(j+n+1) = (− cos jpin ,− sin jpin , 1)⊥ = ±
[
{(x, y, z) ∈ X : x ≥ 0, y ≥ 0, z ≥ 0,
− cos
(2j+1)pi
2n
2 cos pi2n
x− sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≥ 0, z ≥ 0,− cos
(2j−1)pi
2n
2 cos pi2n
x− sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0,− cos
(2j−1)pi
2n
2 cos pi2n
x− sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
− cos
(2j+1)pi
2n
cos pi2n
x− sin
(2j+1)pi
2n
cos pi2n
y ≤ 0}
∪ {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0,− cos
(2j+1)pi
2n
2 cos pi2n
x− sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
− cos
(2j−1)pi
2n
cos pi2n
x− sin
(2j−1)pi
2n
cos pi2n
y ≤ 0}
]
.
Also, for each j ∈ {1, 2, . . . , n−12 }, we have
v⊥
(j+ 3n+12 )
= (cos jpin ,− sin jpin , 1)⊥ = ±
[
{(x, y, z) ∈ X : x ≥ 0, y ≥ 0, z ≥ 0,
cos
(2j−1)pi
2n
2 cos pi2n
x− sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
cos
(2j+1)pi
2n
cos pi2n
x− sin
(2j+1)pi
2n
cos pi2n
y ≤ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0, cos
(2j+1)pi
2n
2 cos pi2n
x− sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0, cos
(2j−1)pi
2n
2 cos pi2n
x− sin
(2j−1)pi
2n
2 cos pi2n
y + z2 ≥ 0}
∪ {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0, cos
(2j+1)pi
2n
2 cos pi2n
x− sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≥ 0,
cos
(2j−1)pi
2n
cos pi2n
x− sin
(2j−1)pi
2n
cos pi2n
y ≤ 0}
]
.
Now, w⊥1 = (0, 0, 2)
⊥ = ±
[
A ∪ B ∪ C ∪ D
]
, where A =
n−1
2⋃
j=0
Aj , Aj = {(x, y, z) ∈
X : x ≥ 0, y ≥ 0, z ≥ 0,− cos
(2j+1)pi
2n
2 cos pi2n
x − sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≤ 0}, B =
n−1
2⋃
j=0
Bj , Bj =
16 RAY, SAIN, DEY AND PAUL
{(x, y, z) ∈ X : x ≤ 0, y ≥ 0, z ≥ 0, cos
(2j+1)pi
2n
2 cos pi2n
x− sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≤ 0}, C =
n−1
2⋃
j=0
Cj ,
Cj = {(x, y, z) ∈ X : x ≤ 0, y ≤ 0, z ≥ 0, cos
(2j+1)pi
2n
2 cos pi2n
x +
sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≤ 0}, D =
n−1
2⋃
j=0
Dj , Dj = {(x, y, z) ∈ X : x ≥ 0, y ≤ 0, z ≥ 0,− cos
(2j+1)pi
2n
2 cos pi2n
x +
sin
(2j+1)pi
2n
2 cos pi2n
y + z2 ≤
0}. From the above expressions of the Birkhoff-James orthogonality sets of extreme
points of BX, it follows that, for any two extreme points u, v ∈ SX, u⊥ ∪ v⊥ $ X.
Therefore X has Property P2.
Again, by using the same expressions, we can show that (1, 0, 1)⊥ ∪ (−1, 0, 1)⊥ ∪
(0, 0, 2)⊥ = X. Therefore, X does not have Property P3. This completes the proof
of the theorem. 
Finally, we give an example of a linear operator T between a three-dimensional
polyhedral Banach space and a three-dimensional polyhedral Banach space having
Property P2, such that T does not satisfy the BSˇ Property.
Example 2.10.1. Let X = `3∞ and let Y be a three-dimensional polyhedral Banach
space such that BY is a polyhedron with vertices (1, 0,±1), ( 1√2 , 1√2 ,±1),
(0, 1,±1), (−1√
2
, 1√
2
,±1), (−1, 0,±1), (−1√
2
, −1√
2
,±1), (0,−1,±1), ( 1√
2
, −1√
2
,±1),
(0, 0,±2). Consider a bounded linear operator T : X→ Y, defined by
T (x, y, z) =
(x+ y
2
,
y − x
2
, y
)
.
Then it is easy to check that ‖T‖ = 1, MT = {±(1, 1, z),±(−1, 1, z) : z ∈ [−1, 1]}
and T (MT ) = {±(1, 0, 1),±(0, 1, 1)}. Consider x1 = (1, 1, 1), x2 = (−1, 1, 1) and
x3 = (−1,−1, 1). Clearly {x1, x2, x3} forms a basis of X. If we choose α = −10
and β = −32 , then condition (c) of Corollary 2.2.1 is satisfied. From Theorem 2.10,
we know that Y has Property P2. Therefore, by using Corollary 2.2.1, we conclude
that T does not satisfy the BSˇ Property.
In view of the methods employed to study the BSˇ Property of linear operators
and the results obtained in the present article, it is perhaps appropriate to end it
with the following remark:
Remark 2.2. We have illustrated the important role played by Property Pn in
determining the BSˇ Property of linear operators. Indeed, using this concept, we
have extended the previously obtained results in [9]. It is worth mentioning in this
connection that Example 2.2.1, Example 2.5.1 and Example 2.10.1 provided in this
article are beyond the scope of the Proposition 2.1 of [9]. We note that Property
Pn is essentially a structural concept, associated especially with polyhedral Ba-
nach spaces. Therefore, it might be interesting to further study various polyhedral
Banach spaces in light of the newly introduced concept of Property Pn.
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